The flow equation method (Wegner, 1994) is used as continuous unitary transformation to construct perturbatively effective Hamiltonians. The method is illustrated in detail for dimerized and frustrated antiferromagnetic S = 1/2 chains. The effective Hamiltonians conserve the number of elementary excitations which are S = 1 magnons for the dimerized chains. The sectors of different number of excitations are clearly separated. Easy-to-use results for the gap, the dispersion and the ground state energies of the chains are provided.
Introduction
Perturbation theory is one of the most important and most versatile tools for problems which are not exactly solvable. Various methods depending on the problem under study have been invented and used. Due to the enormous increase in computer capacity it is a very interesting task to use algebraic programmes to perform perturbative calculations.
The aim of the present work is to propose a general perturbation scheme which splits naturally into two subsequent steps. Both these steps can be implemented in a direct manner on the computer. The first step is not model specific. It relies only on two prerequisites.
(i) The unperturbed Hamiltonian H 0 must have an equidistant spectrum bounded from below. Without loss of generality we may assume that E i = i for i ∈ {0, 1, 2, 3, . . . }. We say that i denotes the number of energy quanta in the system. By U i the corresponding subspaces are denoted. (ii) The perturbing Hamiltonian H S links subspaces U i and U j only if |i − j| is bounded from above, i.e. there is a number N > 0 such that H S can be written as H S = N n=−N T n where T n increments (or decrements, if n < 0) the number of energy quanta by n [H 0 , T n ] = nT n .
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Thus the full problem reads
where λ is the perturbation parameter supposed to be small λ < 1. In this work we will restrict to N = 2. The first step consists in finding a systematic mapping of the problem in equation (2) to an effective one given by a Hamiltonian H eff which conserves the number of energy quanta. The second step is the model specific one. It consists in the actual calculation of H eff for a given number of energy quanta.
To illustrate the abstract ideas formulated above we will use the frustrated and dimerized S = 1/2 chain given by (j counts the sites)
where L is the number of sites. A situation consistent with equation (2) is found for strong dimerization. Hence we rewrite Hamiltonian (3) as (subscript i counts the dimers)
The unperturbed part H 0 (up to a trivial constant 3L/8) and the perturbing part H S are then
where we measure implicitly all energies in units of J. The ground state of H 0 is the product of singlets on the dimers, i.e. the bonds (2i, 2i + 1). The energy quanta are here the excited dimers, namely the local triplets. The number of triplets classifies the degenerate energy eigen spaces of the unperturbed problem.
Besides the purpose to serve as an example for perturbation by flow equations the frustrated and dimerized chain is of considerable physical interest itself. Ideal spin-Peierls systems are one-dimensional spin systems which are coupled to the lattice. At low enough temperatures they dimerize since this dimerization leads to a gain in magnetic energy ∝ δ 4/3 which overcompensates the loss in elastic energy ∝ δ 2 , see e.g.
[1] and references therein. So spin-Peierls systems provide dimerized spin chains in a natural way. The first inorganic spin-Peierls substance CuGeO 3 in particular provides the example of a frustrated and dimerized spin chain since there is much evidence that a certain amount of frustration is present in this substance [2] [3] [4] . Other examples are strongly anisotropic substances where the dimerization is built-in in the chemical structure. Examples are Cu 2 (C 5 H 12 N 2 ) 2 Cl 4 [5] and (VO) 2 P 2 O 7 [6]. Of course, the real substance mostly display also some additional two-or three-dimensional coupling. But the approach we present here is suited to tackle even these systems, see e.g. reference [7] .
One might argue that exact diagonalization or quantum Monte Carlo approaches are better suited to calculate dispersions ω(k) or similar quantities in d = 1. These methods, however, yield only the result for the chosen parameter set. The perturbative results, however, will be obtained as polynomials in the weak bond coupling λ and the frustration α. Thus, once computed, anyone can use the perturbative results easily to fit measured or otherwise obtained data. Thereby an extremely fast method for the determination of coupling constants is provided. Of course, the perturbative approach can be applied only for λ ≤ 1 where the equal sign represents the worst case. For λ > 1 the perturbative approach breaks down.
The work is organized as follows. In the next section we extend the approach of Stein [8] who did a calculation for N = 1 up to fifth order to N = 2 and up to tenth order. The work of Stein improved earlier calculations [9] which generated more intermediate terms (see Ref. [8] for discussion). The flow equation transformation which is used by Stein and by us was introduced by Wegner five years ago [10] . In Section 3 we illustrate our method by applying it to a one-dimensional Heisenberg antiferromagnetic S = 1/2 chain. The effective one-triplet Hamiltonian is computed. The ground state energy, gaps and dispersion relations are discussed in Section 4. Summary and outlook conclude the main part of our work.
Perturbation by flow equations
All what is presented in this section is based only on the fact that the initial problem has the form (2) fulfilling the requirements (i) and (ii) with N = 2.
The general idea behind the flow equation approach introduced by Wegner [10] is to perform a continuous unitary transformation which makes the problem more easily tractable. Mostly, one tries to make the problem "more diagonal". In our case we will achieve a block diagonal form. A broad field of application is to identify certain quasi-particles for which an effective Hamiltonian can be found. Here, flow equations can be used to implement a renormalization of a given problem on the Hamiltonian level, not only on the level of certain observables or couplings [10] [11] [12] . Analogous ideas were suggested parallel by G lazek and Wilson in the form of similarity transformations [13] .
In the present work we do not focus on the renormalization properties of the flow equation approach. Following Stein [8], we use them to implement in a systematic way a continuous unitary transformation which maps the perturbed system onto the unperturbed one which is easy to understand.
General formalism
According to the original idea a running variable is introduced which parameterizes the continuously evolving Hamiltonian H( ). The starting operator is the bare Hamiltonian; the operator at infinity is the desired effective Hamiltonian
The unitary evolution is engendered by its antihermitean infinitesimal generator η( )
Applying naively Wegner's choice for the generator η( ) = [H 0 , H( )] the resulting differential equations quickly become very messy since the band block diagonal structure of the original problem is lost. By "band block diagonal" we mean the fact that N has a finite value which does not change in the course of the flow → ∞. We will choose a slightly different infinitesimal generator which allows to keep the band block diagonal structure of the original problem, i.e. the parameter N stays 2 for
